Abstract. We describe the region V(z 0 ) of values of f(z 0 ) for all normalized bounded univalent functions f in the unit disk D at a fixed point z 0 2 D. The proof is based on the radial Loewner differential equation. We also prove an analogous result for the upper half-plane using the chordal Loewner equation. 
Results: the unit disk
We denote by D := fz P C : jzj < 1g the open unit disk in the complex plane C and by r 0 (D) the set of all holomorphic functions f : D 3 D normalized by f(0) = 0 and f H (0) ! 0. The Schwarz lemma tells us that jf(z 0 )j jz 0 j for any f P r 0 (D) and any z 0 P D. In 1934 Rogosinski [11] (also [3, Hence every initial piece of an optimal trajectory is again optimal. This is a general principle which holds for any control system under very general assumptions. It holds in particular for the Loewner equation and has been utilized in this context before e.g. by Friedland and Schiffer [4] , Kirwan and Pell [9] and more recently by Graham, Hamada, Kohr and Kohr [5] for the Loewner equation in several complex variables.
The next result shows that for any z 0 P D the Loewner equation ( but not optimal for any T > T max (z 0 ). Here
Remark 1.5 Theorem 1.1 has a very well-known classical counterpart for the class
established by Grunsky 1932 , see [7] , who proved the remarkable fact that the set Grunsky's result was extended e.g. by Gorjainov and Gutljanski [6] , who obtained a precise description of the sets
The results in [7, 6] are much more difficult to prove than the results of the present paper since the sets (z 0 ) and M (z 0 ) have in fact a much more complicated structure than the set (z 0 ). In principle, the set (z 0 ) can certainly be described using the results in [6] about the sets M (z 0 ). The purpose of the present paper is to give a simple and direct proof of the simple structure of the set (z 0 )
emphasizing some of its remarkable hyperbolic geometric properties without making appeal to the deeper results about the sets (z 0 ) and M (z 0 ) due to Grunsky [7] and Gorjainov and Gutljanski [6] . g(z) z 3 0 as z 3 I in S := fz P C : j arg z =2j < g ; 0 < < =2 ;
is satisfied. as z 3 I : In particular, g t P r I (H) for every t ! 0. Hence Remark 2.3 implies that Theorem 2.2 is an immediate consequence of the following result, which describes the reachable set (z 0 ) for any z 0 P H.
Theorem 2.4
Let z 0 P H. Then (z 0 ) = fz P H : Im z > Im z 0 g fz 0 g.
Proofs: the unit disk
The proofs are based on an extremely simple differential inequality for the "hyperbolic polar coordinates" of the solutions of Loewner's equation, which follows immediately from the particular form of the Loewner equation. We now show that this inclusion is sharp. We first consider Case I. Then equality holds in (3.6) in this case, i.e., we just note that (z 0 ) f0g is a compact subset of the complex plane, which is starlike with respect to the boundary point 0 (i.e., if w P (z 0 ), then rw P (z 0 ) for any 0 r 1) and that (z 0 ) = (z 0 ) by Loewner's theory. This proves (3.11) and (z 0 ) = (z 0 ). The proof of Theorem 1.1 is complete.
The basic differential inequality

Proof of Theorem 1.4
We note that in view of (3.9) and (3. where is a nonnegative Borel measure on R such that
(see [12] ) and c = lim y3I Im g(iy)=y ;
i.e., c = 1 for f P r I (H). Clearly, (4.1) shows that (z 0 ) H(z 0 ). Now let z P H(z 0 ). We need to find a driving function U such that the solution w(t) of (2.1) passes through z. We separate into real and imaginary parts and write w(t) = x(t) + iy(t) and z 0 = x 0 + iy 0 . Now, we claim that U can be chosen such that w(t) connects z 0 and z by a straight line segment, i.e. with initial conditions x(0) = x 0 and y(0) = y 0 . We now assume that x(t) and y(t)
are related by U(t) x(t) = c ¡ y(t) :
Then we get the following initial value problem: then by construction the solution w(t) = x(t) + iy(t) of (2.1) satisfies x(t) = cy(t) + x 0 cy 0 In particular, the trajectory t U 3 w(t) is the halfline starting at z 0 through the point z, so z P (z 0 ). This completes the proof of Theorem 2.4.
